We calculate the dominant three body Higgs decays,
H → tt(Z 0 , γ, g), in the Standard Model. We find that the branching ratios of these decays are of the order of few percent for large Higgs masses. We comment on the behaviour of the partial decay width Γ(H → tbW − ) below the tt threshold. Numerical results of the following three body top decays, t → W + b(γ, g, Z 0 ) and t → W + bH, are also given. We discuss the feasibility of observing these Higgs and top decays at future high energy colliders.
Introduction
In spite of the beautiful confirmation of the Standard Model (SM) by LEP data [1] the Higgs sector [2] still remains quite unconstrained. The only 'real' upper bound on the Higgs mass is M H ≤ 1T eV given to us by unitarity arguments [3] . On the other hand if the Higgs particle is indeed heavy, M H ≥ 500GeV , then three body Higgs decays like H → W + W − (γ, Z 0 ) and H → tt(Z 0 , γ, g) have appreciable branching ratios too. In this case in order to confirm that an observed scalar (should one find it) is indeed the Higgs particle predicted by SM one will have to study the subdominant partial decays such as those mentioned above, as well.
As is well known two body decays of a heavy Higgs decays are dominated by [4] and [5] , [6] , respectively. Ref. [6] corrects the results of [5] . We have redone the calculation for both these channels. For the latter we agree with [6] , however we disagree with ref. [4] for the former by two orders of magnitude. Furthermore a heavy top means a substantial Yukawa coupling g ttH . Due to this fact the decays H → tt(γ, g, Z 0 ) are also not negligible. Only one of them (H → ttZ 0 ) has been discussed so far [7] . Here we take the opportunity to correct an omission of factor 3 in [7] and present the full results for all the three decays.
By now it is clear that the top quark is likely to be heavy (90 GeV ≤ m t ≤ 200 GeV )). Therefore its three body decays become interesting, too. Here we calcu-
The first two have been discussed by two theoretical groups, which reported similar results [8, 9] . Our numerical results agree with ref. [9] and the revised results of [8] .
In view of the discrepancies that existed between different calculations for the three body decays of H and t we take the opportunity to consolidate and to present some new results for all these decays.
Our paper is organized as follows. In section 2 we discuss three body Higgs decays. Section 3 deals with the corresponding top decays. Whenever the result for the matrix element squared is not too unwieldy we present the analytical expression as well. We summarize our conclusions in the end.
Dominant three body Higgs decays
We consider here the following partial decays of a heavy Higgs
The corresponding diagrams are depicted in figs. 1 and 2, respectively. All these decays listed above gain from the fact that the Higgs couples predominantly to heavy particles e.g.
The interesting feature of the first decay channel in (1) are the triple gauge boson couplings. The trilinear vertices for
which have been defined for all momenta incoming. Additionally, non-standard couplings like the anomalous magnetic moment vertex
and others [10] will be not taken into account here. We think that a rare decay mode of Higgs is not the best place to look for such couplings.
Since we consider here a heavy Higgs we have to a very good approximation
where α w = g 2 /4π, x i = M i /M H and n V equals 1(2) for the
The partial width of the three body Higgs decay can generally be put into the
where s 1 and s 2 are invariants (and s ± 1,2 the corresponding phase space boundaries) which we define below for each case under consideration.
Throughout the paper we will use the following set of parameters
The sum of the three diagrams for the decay fig. 1 ) can be conveniently written as
where we have used eq.(2) and defined
The phase space boundaries which correspond to these variables are as follows
It seems unreasonable to give here the lengthy expression for
in full detail. We used the algebraic manipulation program REDUCE to evaluate this expression and performed the integration numerically. The results are presented in fig.3 . One can see that at about M H ≥ 600 GeV the branching ratio is
which is indeed sizeable.
We will discuss the visibility of each of the three body Higgs decays at the end of section 2.
Our result disagrees with ref. [4] where
evaluated with claim that this is the biggest contribution. The estimate given in [4] is
Our results e.g. for M H = 1T eV is about 2 orders of magnitude larger which indicates
one would naively expect) 1 .
In case of fig.1 ). This simplifies the form of the matrix element considerably and it is given by
1 After our manuscript has been completed we become aware of ref. [11] where it is nicely explained why the decay H → W L W L Z L is forbidden due to parity conservation on the tree level. Our results agree with the ones obtained in [11] .
Written in this way, the amplitude is trivially transverse (k ν T µρν = 0. This simple form enables us to express |T (H → W + W − γ)| 2 in a relatively compact form given in the appendix (eq.(A2)). The variables s 1 and s 2 as well as the phase space limits are obtained from eqs. (10) by putting formally M Z = 0. To avoid infrared singularities we impose a cut on the photon energy which in terms of our integration variables is
In the numerical calculation we have chosen E γ cut = 10, 20, 50 GeV corresponding to the full, dashed and dotted lines in fig.4 , respectively. As in the case
is also of the order O(1%) and hence not negligible. Our calculation confirms the results of ref. [6] which in turn corrected the mistake in [5] . We also mention that a detailed treatment of H → W W γ for the case of soft bremsstrahlung (as a part of radiative corrections) as well as for hard photon emission is given in ref. [12] . There a partial analytical integration over the phase space (in the range E γ cut << E γ < E γ max can also be found. We have checked that our numerical results agree with fig. 6 of ref. [12] .
In this section we will mainly concentrate on the decay channels H → tt(γ, g).
The partial decay H → ttZ 0 has been calculated by us in [7] . Note the in [7] an overall colour factor 3 is missing which we have now included in the numerical results for this channel presented in fig.5 . For M H ≥ 600 GeV the branching ratio for this particular decay mode is of the order 10 −3 and higher.
It is also evident that once the process H → ttγ has been calculated the corresponding gluonic mode H → ttg can be obtained from the former by including the Casimir factor of SU (3) C (and reducing it by 1/N C )
and by replacing
This leads to
The total matrix element T (H → ttγ) is given by the sum of the two amplitudes
where
The phase space boundaries to be used in the numerical evaluation of the eq. (6) are given by s
After factorizing common constants we put the squared matrix element into the following form
and refer the reader to the appendix where the analytical form is given (eq.(A3)). 
which is comparable to Br(
Analytical expressions in term of Spence functions for hard bremsstrahlung in H → f f γ and H → qqg are presented in [13] and [14] , respectively.
H → tbW

−
This decay relevant for the kinematical range M H ≤ 2m t has been discussed in detail in [7] . We supplement here this discussion by giving in the appendix (eqs.(A4)-(A6)) the analytical expression for |T (H → W − tb)| 2 which we write in the form
Note that a third amplitude in which the Higgs couples directly to bottom-quarks can be safely neglected since
The tilded quantities in eq.(23) depend on the two Mandelstam variables 
to a very high accuracy.
Before closing the section on Higgs decays let us give the branching ratio of all three body decay modes considered above. We define
Higgs tot (27) Putting m t = 150 GeV and E γ,g cut = 20 GeV we obtain Br {3body} (M H = 400, 600, 800, 1000 GeV ) = (0.9, 3.5, 7.1, 9.4) · 10
Thus we see that the three body decay modes of a heavy Higgs can have branching ratios as high as 10%.
Some comments on the feasibility to observe the discussed three body Higgs decays are in order. We note that, out of the few three body channels, H →
are the best candidates to be seen at SSC energies ( √ s = 40T eV )
provided M H ≥ 600 GeV . The reason is that the background from the 'direct' production is [15] (for SSC)
whereas in the mass range M H = (600 − 1000) GeV one has [16] 
whereas the top production yields (m t = (100 − 200) GeV ) [19] σ(
where the last cross section refers to beamstrahlung of electron in the field of e + -bunches (and vice versa) [20] . However, designs of e + e − -machines which give rise to high large amount of beamstrahlung seem to be disfavoured since such designs would make the, usually 'clean', e + e − -collider 'messier' due to possible underlying events caused by γγ interactions [21] . Keeping this in mind it is clear that a high energy e + e − -collider has a better potential to observe hadronic Higgs decays as compared to a pp-machine. We also mention here that using more realistic beamstrahlung spectra the cross section σ beamstr. is smaller [21] as compared to the value we have quoted in (33).
Dominant three body top decays
The relevant diagrams for the decays t → W + b(γ, g, Z 0 ) as well as t → W + bH are given in fig.8 . As in the case of three body Higgs decays (eq. (6) confirms the results of ref. [9] and the revised ones of ref. [8] . For completeness we quote the numerical values for Γ(t → W + bH) which has been discussed in [7] .
The general form of the three amplitudes contributing to t → W + bV 0 (V 0 = γ, g, Z 0 ) can be cast into the following expressions
The coupling g V W W has been defined in eq.(3) (g gW W = 0) and Q V q are overall coupling constants of V 0 to quarks (charges in case of the photon). Obviously for V 0 = γ, g one has
whereas for V 0 = Z 0 we employ the common definitions
The kinematical variables entering (35) are defined as follows
in which the phase space boundaries are readily found to be
In case of M V = 0 we introduce a cut in the phase space on the photon (gluon) energy
Since we keep m b = 0 there are no collinear singularities.
We will not spell out here the expressions for the squared matrix elements since for V 0 = γ, g they can be found in [9] and the corresponding formula for V 0 = Z 0 is too lengthy. Instead we will briefly comment on the factorization of the amplitude
Splitting this amplitude into an abelian part which does not contain gauge bosons couplings and a remainderT
one can show after some algebraic manipulation that the following factorization holds
This fact simplifies the calculation to a large extent.
The numerical results for Br(t → W + b(Z 0 , γ, g)) are plotted versus the top mass in figs.9-11. Our results for photon and gluon channel confirm the ones obtained in [9] and [23] . The decay t → W b(γ, g) as part of radiative corrections to semi-leptonic top decays is also discussed in [24] . The order of magnitude of these decays can be summarized by (E γ,g cut < 20 GeV , m t = 150 GeV )
In SM with m t = 200 GeV we get
where the suppression is essentially due to phase space. There are, however, indeed very minor extensions of SM which allow values up to m t = 300 GeV [22] (here the branching ratio reaches the 10 −3 mark ).
t → W + bH
The decay t → W + bH has been discussed by us in [7] . Here we will just write down the relevant formulas.
Neglecting, as in the case H → W − tb (see eq. (24)), a third possible diagram
proportional to m b we are left with the two amplitudes (see fig.8 )
with
The reader will find the squared matrix element in the appendix (eqs.(A4)-(A6)). The latter we write in the form
The numerical results for this decay channel are displayed in fig.12 . Since the LEP data already restrict the Higgs mass M H ≥ 50 GeV [25] the branching ratio is expected to be small (like in the case t → W + bZ 0 ). Indeed for M H = 60 GeV and
GeV we obtain
We conclude by mentioning that the large number of 10 8 tt pairs produced at SSC per year (which in case of hadronic Higgs decays gave rise to an enormous background)
is now of course of great advantage to observe rare top decays (two body rare top decays like t → c(g, γ, H) have been investigated in [26] ). Hence such decays would be observable. In particular, if b-quark identification will be accessible at high energies with high efficiency, then such three-body decays may be probed by tagging three b-jet events in the five well-isolated jet signals of the top decay.
We also note that with minor modifications (e.g. mixing angles) three body decays of heavy fermions could become important in some extensions of SM like two
Higgs doublet models (t → W + bH 0 ) or fourth generations extensions (t
The latter is still not excluded provided m ν 4 > M Z /2 (some models even favour such an extension to explain the τ -decay puzzle). The three body decays with Z 0 bremsstrahlung of new particles have been discussed in [27] .
Conclusions
The future high energy colliders like SSC or even a 2T eV e + e − -machine will produce enough Higgs particles to look also into subdominant decays of this yet branching ratios. However, the enormous number of tt pairs expected at SSC should make it possible to observe even such rare decays provided the top quark mass is around 200 GeV . Others, like t → W + b(g, γ), with a hard photon (gluon) have non-negligible branching ratios. 
